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A description of motion is proposed, adapted to the composite bundle interpretation of Poincare 
Gauge Theory. Reference frames, relative positions and time evolution are characterized in gauge- 
theoretical terms. The approach is illustrated by an appropriate formulation of the familiar example 
of orbital motion induced by Schwarzschild spacetime. 
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I. INTRODUCTION 

Any conception of motion is based on an underlying 
geometrical framework describing the structure assumed 
for spacetime. Typically, Newton's idea of absolute mo- 
tion rests on absolute Euclidean space and absolute time, 
whose existence is postulated even though, in view of 
Galilean symmetry, only relative motion referred to in- 
ertial frames is observable. Moreover, Einstein's relative 
motion as depicted by Special Relativity is supported on 
Minkowski spacetime, and the geodesic motion of free 
particles and of light rays in General Relativity takes 
place on the pseudo-Riemannian metric manifold {M , g) 
with Lorentzian signature where the theory is formulated. 

Nevertheless, to the author's knowledge, no descrip- 
tion of motion exists which is properly adapted to the 
characteristic geometrical structure of gauge theories of 
gravitation. Certainly, a reason for it can be found in 
the fact that the considerable effort made along the years 
in the construction of such gravitational theories of the 
Yang-Mills type Q-Q has produced a number of quite 
different proposals. Being all of them gauge theoretical 
approaches, they have in common the fiber bundle na- 
ture p^-[l7j. but no further agreement exists, neither 
in the choice of the structure group nor in the particular 
bundle structure invoked by each one. 

Einstein's General Relativity can be interpreted, at 
least in principle, in terms of tensor quantities defined 
on a tensor bundle associated to the principal bundle of 
(tangent) linear frames LM with GL(4,R) as structure 
group [l3]-[2^. Gauge theories of gravitation such as 
Metric AfHne Gravity (MAG) or Poincare Gauge The- 
ory (PGT) proposed by Hehl et al. are formu- 
lated on bundles of tensor-valued differential forms asso- 
ciated respectively to the principal bundle of affine frames 
A{M) = LM X or to that of Poincare frames result- 
ing from replacing the bundle LM of linear frames with 
the bundle FM of SO{3 , 1) orthonormal frames [13 El 
[211] . Lord proposes the principal bundle structure 
G{G/H , H) with G =Poincare and H = the Lorentz sub- 
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group 50(3,1), where he accommodates his particular 
conception of gauge transformations as non- vertical auto- 
morphisms. Sardanashvily [22] - 25] introduces compos- 
ite fiber bundles LM — )• LM/H — > M, with whose help 
he explains the spontaneous symmetry breaking from the 
structure group GL{A , R) of the linear frame bundle LM 
to H —the Lorentz group, allowing to interpret the tetrad 
variables as Goldstone fields Q [l^-jl^]. Finally, the au- 
thor of the present paper proposed in Ref . [H a different 
composite fiber bundle structure P ^ P/H M built 
from the principal bundle P{M , G) with G ^Poincare 
and H =Lorentz, suitable to deal with gauge theories of 
gravitation such as PGT or MAG, where gravity is con- 
sidered as the gauge theory of a group including transla- 
tions [13 • In this scheme, translational symme- 
try is treated like ordinary gauge symmetries, and tetrads 
become identified with (nonlinear) translational connec- 
tions with the right gauge transformations. Actually, it 
was proven in |28j that the composite bundle structure 
provides a geometrical interpretation of nonlinear real- 
izations (NLR's) [33-[i3. See Appendix A. 

The aim of the present work is to show that, at least in 
the particular case of composite fiber bundles proposed 
by the author as the suitable geometrical framework for 
Poincare Gauge Theory, a description of motion exists 
which is modeled by its necessary adaptation to the bun- 
dle structure underlying this gauge theory of gravitation. 

The paper is organized as follows. In Sections II-IV, 
we review the main features of the Poincare compos- 
ite bundle structure constituting the necessary support 
for the subsequent development. We include several im- 
provements and extensions as compared with the original 
exposition of Ref. [28t . In particular, a 5-dimensional ma- 
trix representation of the Poincare group is introduced. 
In Section V, we construct the basis vectors of the P- 
associated 5-D vector bundle, assuming the vector fifth 
component to play the role of an origin. In Sections VI 
and VII, we discuss the bundle tangent space, where we 
pay special attention to a certain set of four tangent vec- 
tors. After enlarging them with a point, we propose to re- 
gard the resulting 5-dimensional set as a Poincare frame, 
consisting of the basis components of a 5-D vector rep- 
resentation space of the Poincare group. Then, the com- 
posite bundle structure allows to define in a natural way 
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an invariant point-like quantity p which -in a certain sec- 
tor of the tangent space- provides a local description of 
positions referred to the local Poincare frames previously 
built. 

Section VIII is devoted to deal with different aspects 
of time evolution as induced by a (timelike) vector field 
u constituting the generator of the fiow of events. So, 
we perform a simultaneity defining foliation (related to a 
certain time connection) and we examine the various ap- 
pearances of the timelike vector field -playing the role of 
both, time and fourvelocity- when expressed in terms of 
fields characteristic for the underlying bundle structure. 
In particular, we find that the fourvelocity components 
take the form of a Poincare covariant generalization of 
the Lie derivative of certain translational fields resem- 
bling the spacetime coordinates of Special Relativity. Fi- 
nally, after reformulating geodesic motion as induced by 
u on p, in Section IX we apply our view to test particles 
orbiting on a Schwarzschild spacetime. The Conclusions 
are found in Section X. 



II. COMPOSITE FIBER BUNDLES 

A. Rearranging a principal bundle manifold 

Ordinary gauge theories of internal groups G have 
the geometrical structure of principal bundles P{M , G), 
where the base space M represents spacetime and the 
connections -defining horizontality on the bundle- man- 
ifest themselves physically as gauge potentials describ- 
ing interactions; matter fields are defined on associated 
bundles [lE|-[i3| pol]. However, this bundle scheme 
fails in accomodating gauge theories of spacetime groups. 
In Ref.jl^, the author invoked a modified version of 
the composite fiber bundles introduced by Sardanashvily 
[l^l-ll^ as the suitable topological structure underlying 
gauge theories of gravity such as PGT or MAG [9|-|l3|. 
Let us recall, with slight modifications, the bundle fea- 
tures established in [2^ which are relevant for the present 
paper. For what follows, see also [13], as much as [ilj . 
pags. 54 and 57. 

In accordance with Sardanashvily's conception of com- 
posite bundles [T" 



and 
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let us enunciate the following 
theorem, mainly based on propositions 5.5 and 5.6 of the 
book [41] by Kobayashi and Nomizu: 

Let TTpj^j : P — )■ M be a principal fiber bundle whose 
structure group G is reducible to a closed subgroup H C 
G. Then, the principal bundle can be rearranged as a 
composite manifold 



(1) 



with an intermediate space S = P/H, in such a way that 

: P ^ S (2) 
is a principal subbundle of P with structure group H, 



M 



(3) 



is a P-associated bundle with typical fiber G/H and 
structure group G, being n^j^j o tt^^ = iTp^ as estab- 
lished in ([5]) below. Global sections Sj,^^, : M — >■ E of ([3]) 
exist, playing the role of Goldstone-like fields. 

The proof obeys the following scheme Given a 

principal fiber bundle P(M , G) whose structure group 
G possesses a closed subgroup H of G, one can build 
the P-associated bundle E{M ,G/H ,G ,P) (see pg. 54 
of HH), having the same structure group G, standard 
fibre G/H and base space M. Proposition 5.5. of (4l| 
proves that the total space of this associated bundle S 
can be identified with the quotient space P/H of P by 
the right action of H on P, thus implying that P(E , H) 
is a principal fibre bundle over the (intermediate) base 
space E = P/H, with structure group H and with well 
defined projection n^^ : P — >■ E . On the other hand. 



according to Proposition 5.6 of 41[, the necessary and 
sufficient condition for the structure group G of P(M , G) 
to be reducible to the closed subgroup H C G is that 
the associated bundle E = P/H admits a cross section 
Sj^jj, : M — 7> E. Provided such sections exist, there is a 
one to one correspondence between them and the reduced 
subbundles of tt^^ : P — E consisting (see the proof of 
5.6 in ^411]) of the set of points u £ P such that 



(4) 



Taking into account the section condition n^j^^ o Sj^^^ — 
id^j , where id^^^ is the identity transformation of Af , mul- 
tiplication of both members of ^ by t:^,^ yields the de- 
composition 

T^PM T^BJ,/ ° T^PB (5) 

of the total bundle projection tt^^jj- into partial projec- 
tions. Accordingly, the principal bundle tTj^j,^ : P — >■ M 
transforms into the composite bundle ([IJ, where we dis- 
tinguish the bundle sectors ^ and characterized by 
the partial projections iTp^ and ir^j^^ respectively. Sec- 
tor that is E = P/H, is locally isomorphic to the 
Cartesian product E ~ A/ x G/H. Its elements trivialize 
locally as (x , ^), with ^ coordinatizing the fiber branches 
G/H attached to x e M. 

In view of the composite bundle structure (IT])-([3]), the 
G-diffeomorphic fibers of P{M , G) projecting to the bun- 
dle base space M become hent into two sectors, corre- 
sponding to the fibers of P(E , _ff ) and E ~ M x G/i? re- 
spectively, in such a way that the _ff-diffeomorphic fiber 
branches 7rJ^(x,^) of P{Y,,H) are attached to points 
{x of the fibred space E ~ Af x G/H, playing the 
role of base space of the bundle sector P(E,i?). See 
Fig.l, where we include the coordinates of the Poincare 
composite bundle to be considered later. 

In this scheme, the base space M is not identified with 
spacetime. It rather plays the role of an auxiliary mani- 
fold underlying the true (Poincare) spacetime variables. 
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eqs. (|6))- (fTT1) yield the ©-analogous relation 



(12) 



We also use the factorization ([5]) to build a connection 
form with two sectors, in such a way that it allows to 
describe separate horizontalities on both, the tangent 
spaces of S ~ M x G/H and P{'S,H) respectively. 
We propose to rewrite the connection 1-form of ordinary 
principal bundles P{M , G), namely 



uj = g 



(13) 



with the G-element g — b ■ a a.s given by ([8]), as the 
connection 1-form of the total composite bundle P ^• 
E -> M, that is 



FIG. 1: Bundle manifold 



w = a ^(dp +7r* rj,)a, 



(14) 



which are defined on the fibres (although they can be 
pulled back to M and expressed as functions of coordi- 
nates X £ M). 



B. Sections and connections of composite bundles 

In correspondence with the decomposition ([5]) of the 
bundle projection, we also decompose local sections s^^p : 
M ^ P as 



(6) 



imposing that the respective section conditions, TTp^^ o 



■Smp = TT ^ o Sjfj, = idfj and TTpj, o s^p = id^, are satis- 
fied; see (28l|. Next we express the general sections Sj,jp 
in terms of the right action of elements g of the structure 
group G on suitable zero sections denoted as Uj^p , that 
is 



~geG. 



(7) 



If one factorizes the arbitrary group elements 5 G G in 
([7]) into group products of the form 



g ■ a, a £ H , b £ G/H . 



(8) 



consistently with the decomposition of the bundle mani- 
fold P{M , G) into the bundle sectors ^ and (O (whose 
fibres are diffeomorphic to H and G/H respectively), 
then one can rewrite, the sections in the r.h.s. of 
in analogy to (O, as 



Sj,p Ra O (Tjjp , 

respectively. Assuming 



a£H, (9) 
b£G/H, (10) 



0-j,p O i?b O (T 



(11) 



including the connection contribution 



(15) 



corresponding to the E -> M sector. The objects p3|). 

and are built either with the differential dp de- 
fined on the whole bundle manifold P or with d^ defined 
on the intermediate space S, assuming that the different 
exterior derivatives of b are related as 



TTp^ d^b 



d^b. 



(16) 



(We use a notation taken from [43], pgs. 332 ff. In the 
following, we only indicate the manifolds where exterior 
derivatives are defined when necessary to avoid confu- 
sions.) Notice that (fT5|) coincides with the puUback of 
(fT4|) to the cotangent space T*(I]) by means of a zero- 
section, namely 

r. = <p^, (17) 

while the further puUback of (HH) itself to T*(M) yields 



A. 



(18) 



SO that, from P7|) and (fTSl) . taking into account 
'^sp ^ ~ '^MP ^ deduced from ([12]) (see Appendix 
D), we find the standard expression 



= <p ^ 



(19) 



of ordinary gauge potentials as the puUbacks of the con- 
nection 1-form ([T3|) to the base space M, in coincidence 
with gauge theories founded on ordinary principal bun- 
dles P{M,G). 

The role played by connection with ([T5]) in the 
characterization of distinguished horizontalities, defined 
respectively on ([2|) and ([3]), will be sudicd in Sections IV 
and VI below for the particular case of G =Poincare with 
H =Lorentz. 
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C. Gauge transformations in composite bundles 

In [2BI, the author proposed an alternative to Lord's 
extension 0-0 of (active) gauge transformations to 
spacetin ie g rou p s. In accordance with the standard def- 
inition [17| [43|, a gauge transformation on a princi- 
pal fiber bundle P(M,G) is a bundle automorphism 
X : P ^ P satisfying two conditions, namely: it must 
commute with the right action of G as 

XoRg{u) = RgoX{u), (20) 

(in such a way that it maps fibers to fibers), and in ad- 
dition, it has to be a vertical automorphism, that is 

TTO X{u) = 7r(u) , (21) 

so that no action is induced by it on the base space M, 
since both, u and X{u), belong to the same fiber. 

This conception of A derives in a natural way from 
gauge theories of internal groups, appropriate to describe 
any forces other than gravity. However, as observed by 
E. A. Lord the characterization of gauge transfor- 

mations as vertical bundle automorphisms fails for gauge 
theories of spacetime groups: mainly for those based on 
groups including translations, such as PGT and MAG, 
where the group action on spacetime positions, usually 
represented by coordinates, must be taken into account. 
Accordingly, in order to extend to spacetime groups the 
validity of gauge transformations. Lord proposed to re- 
nounce to the verticality condition (PT|) . thus allowing the 
existence of nonvertical gauge transformations inducing 
diffeomorphisms on M. As a consequence of his view on 
gauge transformations, he suggested the principal bun- 
dle G{G/ H , H ) as the general fiber bundle structure of 
gauge theories of gravitation. According to him, choos- 
ing for instance G =Poincare and H =Lorentz, the base 
space G/H , identical with the parameter space of trans- 
lations, plays the role of spacetime. 

The author's own approach [2^ to gauge transforma- 
tions, founded on composite fiber bundles, conciliates the 
standard definition with a suitable modification of Lord's 
point of view. Indeed, the most unsatisfactory aspect of 
Lord's bundle proposal is its lack of true translational 
connections, which cannot occur in the absence of an un- 
derlying base space M to which standard translational 
fibers G/H are projected. (This avoids to treat trans- 
lations in the same way as the remaining symmetries. 
Actually, in theories like PGT and MAG ^-[Tl, the - 
maybe modified, nonlinear- translational connections are 
expected to play the role of tetrads.) The resort to com- 
posite bundles allows to have available translational con- 
nections and, at the same time, to restore the verticality 
condition (j2ip over M , in a way compatible with induced 
spacetime transformations on the intermediate space S, 
as we will show immediately. In [2^, we justified the 
choice of A as the left action Lg of group elements g G G, 
local in the sense that g = g{x), x € M. Accordingly, 



identifying u € P with values of sections ([7]), gauge trans- 
formations u' — X{u) take the form 

^'MP^^)^LgOs,„{x). (22) 
Making use of d?]) and ([U, we find 

Smp {x) =Rg° {^) = RaoRbO CT^.p (x) . (23) 
Let us now define 

a^{x)-~<7^^os^,^{x), (24) 

which constitutes a composite section cr^ : Af — )• E — > P 
defined from the total and zero sections in ([9]) and (fTO)) 
respectively. In view of (ITUl) and (ITT|) . from ([M)) follows 

a^{x) ^ RbO(T^.,p{x) , (25) 

the ^ in <J^(x) standing for the parameters labelling the 
elements b £ G/H displayed as Ri, in From 
and (125]) follows 

s^,p{x)=Raoa^{x). (26) 
In analogy to (1^51) and we also have 

= Ra' o Rb' ° cr^,p{x) 

= Ra'oa^,{x). (27) 

Then, replacing ^ and ^ in we get Lg o R^ o 
a^{x) = Ra' o cr^'(x), implying 

Lg o (x) = Rho cr^' (x) , (28) 

where 

h:=a'-a-^, (29) 

as in (|A3[) . Notice that, acting with (t^^ on both mem- 
bers of ([3]) and using we get 

=: a^ix), (30) 

showing the coincidence of the images of sections a^^ : 
S -> P and : M ^ P. Accordingly, transformations 
can also be understood as 

Lgoa^p{x ,0 = RhO cr,:p{x ,^') . (31) 

Depending on the alternative formulations and pip , 
the interpretation of gauge transformations is twofold. 
When considering the group left action Lg on sections 
(Tj : Af — >■ E — >■ P as in ((28)) . the verticality condition 
(pri) is satisfied as tt^j^^ °Lg = n^j^^, so that points x & M 
remain unchanged. Thus, (I28|) is a vertical bundle auto- 
morphism assimilable to ordinary gauge transformations. 
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Contrarily, in (1311) Lg transforms sections a^p (a; , O of 
P{Tj , H) into sections attached to different points (a; , ^ ' ) 
of S, while simultaneously displacing them vertically 
along H fiber-branches by means of Rh- Obviously, the 
verticality condition ([2T|) does not hold with respect to 
the intermediate base space S since TTpj, oLg ^ TTpj, . Non- 
vertical transformations (1311) mapping iJ-fiber-branches 
to fiber branches defined on different S-points constitute 
the kind of action required by Lord for spacetime groups 
in which translations are present. Fig. 2 illustrates both 
transformations ([25]) and (PT|) . showing that ig-related 
i7-fibers t:-1{x , O and tt'I (cc , ^ ' ) of P(E , H), attached 
to different points of the intermediate space S, are at the 
same time branches of a unique fiber Tr^^f {x) of P{M , G) 
over a single point x & M . 




(See ([24)) .) The gauge transformations of (p3)) . in terms 
of i?-group elements h = l-|-/i, with /i as i?-algebra- 
valued parameters, were found to be 

- {Lg-^ o a^r ^ - '^l' ^ « -( + [r,, , /i]) . (34) 

Connections rj,^ take values on the Lie algebra of the 
whole group G. However, from (p4|) one reads out that 
only those of its components defined on the //-algebra 
transform inhomogeneously as true connections, while 
its components with values on the remaining algebra el- 
ements of G/H transform as iJ-tensors. This is a fea- 
ture which the present composite fiber bundle formalism 
has in common with nonlinear realizations (30|-(40j. thus 
providing a geometrical interpretation for them . More- 
over, in composite bundles built from a principal bundle 
P(M , G), the total symmetry remains that of the struc- 
ture group G, while in the bundle sector P(E , H) the 
subgroup H <Z G becomes the explicit symmetry. 

III. GEOMETRY OF THE POINCARE 
COMPOSITE BUNDLE WITH H =LORENTZ 

Having established the main features of composite 
fiber bundles, we proceed to study the particular case 
of G =Poincare with H =Lorentz and the resulting ge- 
ometry. In the present Section we introduce a number of 
formal elements necessary to develop our program. 



FIG. 2: Gauge transformations 

Let us now show two different forms of gauge transfor- 
mations of connections derived from the composite bun- 
dle formalism, coinciding respectively with those of linear 
and nonlinear realizations as can be found in Appendix 
A. Active gauge transformations of ordinary gauge poten- 
tials ((19)) were discussed in [28]. (We introduce a minor 
correction consisting in the change g for reasons 

of consistency with ()A9I) and ()A12I) .) When considering 
G-group elements g = e*^ ~ 1 -f e, where e are infinitesi- 
mal G-algebra-valued parameters, gauge transformations 
induced by (1^^ read 

= {Lg-1 oa^.pYuj-al^pU}^ ~{de+[A^,, ,e]). 
_ . . .(32) 

In [28| we also studied the transformation properties of 
modified gauge potentials (which we identify with nonlin- 
ear ones), defined as follows. Besides the puUback (fT5)) - 
(|T9| of the connection 1-form ()14l) - (fT5)) by zero sections 
of the bundle, let us also consider the puUback by a dif- 
ferent section, namely 

= atuj. (33) 



A. Invariant l-forms of the Poincare group 

In order to build Poincare bundles -composite or not- 
and their tangent and cotangent bundle spaces, first we 
have to introduce left and right Poincare invariant 1- 
forms and vectors. The Poincare group is characterized 
by its Lorentz generators Aq,^ and translational gener- 
ators Pa {a , (3 ~ 0,...,3), satisfying the commutation 
relations 

[Aa/3,Apy] = -i {Oalf,K]l3 - OiSlf,A^]a) , (35) 
[Aa/3,Pp] = iOf,[aPl3], (36) 

[Pc.,Pp] ^ 0, (37) 

with the Minkowski metric Oap '■= diag{— -|- -I--I-). Ac- 
cording to ([S]), we parametrize arbitrary group elements 
g £ G ^Poincare as 

g^b-a, with a = ^"''^"^ , 6 = e"* ^"^'^ , (38) 

being a E H =Lorentz and b E G/H =Translations. 
In terms of (|55)) . we calculate the left invariant Maurer- 
Cartan form as 

©G '■= 9~^d.g 

= a^^da + a^^{b^^db) a 

= efi^A^^-t-efpjF,,, (39) 
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with 



and, as in ((38)) . we find their product 



e 



a/3 
(A) 



(40) 

ef,, := (41) 
where we defined the Lorentz matrices 

uj := (e^ )J <5f + \J + ^A^^/ + ... , (42) 

such that (u^^)^ ^ — u^^ ^ ■ In parahel to we intro- 
duce the right invariant forms 



da ■ a ^ + [d{ba) ■ (ba) ^ ~ da ■ a ^ 



being 



efp, := -^d(^V^)' 



(43) 



(44) 



-^de-0(A)e^'• (45) 



Besides these quantities, a particular representation of 
the Poincare group wih also play a role in the following. 



B. 5-D representation of the Poincare group 



The Poincare group generators in ([35|) -([37l) admit the 
5-dimensional matrix representation 



(46) 
(47) 



with a , /3 running from to 3, and A , B — 0, 1, 2, 3, 5 , 
and with / as a dimensional constant. The object oab in 
(|46p is a symmetric matrix whose components 

o^p = diag(- + ++) (48) 

are identical with the Minkowski metric, and 

Oa5 = , (49) 

while the components 055, being undetermined, can be 
fixed at convenience. Using and (|T7)) . it is possible 
to construct a 5-dimensional representation of Poincare 
group elements decomposed as in To do so, we 

calculate 

(e* )^^ = 6%Si + u^^ oaJ^ , (50) 

where Ua^ is given by l^^ . and 



(e-'^^^O 



-5^ -ze^ (F^)a^ 



(51) 



~ B 1 C B 

gA = OA ac 

= u"^ o^„5| - S% 5f , (52) 

whose 5x5 components read 



~ B _ (da^ 9a^\ _ ( Ua'' 



(53) 



For later convenience we also determine the inverse group 
element 

= s\di + {u-^r^ OAcS^ + r 1 e S\ 5^ , 

(54) 

with 5x5 matrix components 



(55) 

The usefuUness of all these quantities will become appar- 
ent later. 



C. Invariant Poincare vectors 

Left invariant vectors dual to (|40p , (jH]) are respectively 
given by 



d 



d{g-')M^ 



dC9-')M' 



I u 



d 



related to as 



CJ0G = A 



a/3 



(56) 



(57) 



(58) 
(59) 



and satisfying commutation relations formally identical 
to p5l) - ((37l) . On the other hand, the dual right invariant 
vectors of (|121)-(|l5l) read 



L':/, ■■= -(r')M^(A„/3) 



d 



d 



N 



a(ri)Af^ 



d 



d 



L'P ■— -{9 ^)m^ iP^)N^ d{g-^)M^ 



(60) 



(61) 
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In ([60)) - (|6ip one recognizes the angular momentum and 
the hnear momentum generators respectively , being 
the total angular momentum ((60|) decomposed into an 
intrinsic and an orbital piece as 



T(A) 

^al3 



Y(Or6) 



d 



Vectors (|60l)-(162l) with (gS]) satisfy 



JiOrb) |S 



(62) 



(63) 
(64) 
(65) 



The technical results established in the present Section 
III provide the support for what follows. 



IV. CONNECTIONS ON THE POINCARE 
COMPOSITE BUNDLE 



Let us particularize definitions (|T4|) . ([15)) of the connec- 
tion 1-form for G =the Poincare group, with H =Lorentz 
and G/H =Translations. Ordinary (linear) gauge poten- 
tials ([T^ of the Poincare group are of the form 



(T) 

^iidx'T.^P^ + dx'rfA^p), (66) 



including standard translational and Lorentz potentials. 
Replacing ([M]) in ([T5|) . and taking into account the value 
of b given in ([38|), the T*(E) quantity ([TT]) becomes 

= a*^ ^ = (^^P,, -I- F-'^A^^ ) , (67) 

with a Lorentz contribution tt* F"^ built from 

EM 

r"'3 = dx' rf , (68) 

as appearing in (1661) , and including the modified transla- 
tional connection form defined as 

:= d^e + <„d^^(r,.'^r + (69) 

closely related to that of NLR's [11] [111, which will play 
a central role in the following. Observe that, from (1571) . 
we can either recover (|66)) according to (IT8|) , or we can get 
([55]) pulling back (p7)) to M by means of s*^^, yielding 
the Poincare nonlinear connection defined on the base 
space M, namely 



-i{dx'e,^P^+dx'TfA^fi) 

^z(^^:,F^ + r"^A„ 



/3. 



(70) 



where, instead of the ordinary translational connection 

(T) ^ 

dx^Ti*^ present in (|66p . now we get the nonlinear trans- 
lational connection 



(71) 



(pulled back to M), which we identify with ordinary 
tetrads f28| provided with an internal structure derived 
from (j69p and (I7ip . manifesting itself in the vierbeins e^^ , 
which take the form 



(T) 



(72) 



Putting together ([7T|) and ([7^ . the tetrads on M can be 
written as 



(T) 

=i:)^^ + r''. 



(73) 



where we introduce the notation of the covariant deriva- 
tive off'' .28.] \M- 

Let us now make use of (j67p and of the value of a given 
in ([55)) to determine the form of the Poincare connection 
(1141) , which for later convenience we decompose into two 
connection pieces as 



(P) , (A) 
UJ — UJ + LU , 



(74) 



corresponding to different orientations along the Lie alge- 
bra bases of G/H (translations) and H (Lorentz group) 
respectively. We find 



u' =a-' (-^7r;^ ) a = -^ tt;^ i?'^ u^^P, (75) 

as the part of the total connection relevant for the fibred 
space S — )■ M, and 



= a-i(d, -*7r;^^r"'^A„^)< 



(eri^-z<„r"^)7.„''7./A^,, (76) 



(A) 



with definitions (|44)) and ([BS]) , as the part of the connec- 
tion corresponding to the bundle P — >■ E. 



V. ASSOCIATED 5-DIMENSIONAL VECTOR 
BUNDLE 

A. The 5-D vector basis 

Group elements 5 e G in the 5-dimensional matrix 
representation ([5^ are suitable to act as invertible linear 
operators transforming a 5-dimensional vector space V to 
itself. The representation space V can be identified with 
provided it is equipped with an appropriate basis. Let 
us choose the natural vector basis { e^i } with components 

Having introduced this 5-dimensional representation 
of the Poincare group, next we construct for it the 
P-associated vector bundle. The corresponding ba- 
sis vectors 6^1(0;) are defined to be equivalent classes 

f„,p{x) , ca ^ belonging to P Xg M^, where an equiv- 
alence relation exists between different representatives, 
consisting in the simultaneous G-transformation of both 
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elements of the ordered pair (with G acting on the P- 
section cr^^^ on the right and on the basis vectors ca on 
the left) That is 



eA{x) := (f7„p(x),eA) 



( ^5 ° cr^/P W > (.9 ^)A^eB^ 



which can be displayed as 



6^1(2:) 



65(2;) 



(77) 
(78) 



(79) 



Notice that the equivalence relation, according to (|83l) . 
is defined exclusively in terms of a G H , not involving 
6 e G/H, so that 6^(2;,^') ^ eA[x,£^). A relevant 
difference of (15^ with respect to ([77]) consists in that, 
contrarily to (177^ . depending on the natural basis e a, 

o 

the vectors ((5^ are built with e^, defined by ((5T|) . To 

o 

(with hat), let us 



make explicit the role played by e a 
define the ([5^ -analogous quantity 



in order to single out the fifth basis vector component. 
In principle, no obvious spacetime interpretation seems 
to exist for such 5-dimensional vector basis in a four- 
dimensional world. However, the role of 65(2;) as the 
frame origin necessary to complete an afhne frame -in 
rigor, a Poincare frame- becomes apparent by introduc- 
ing, in addition to the vector space associated to the prin- 
cipal bundle P — J- M, an analogous basis on the bundle 
sector P — > S. The modified fifth component will clarify 
the role played by the original 65(0;). 

To build the second vector basis, referred to the inter- 
mediate space S, we proceed as follows. First we realize 
that, according to the equivalence relation defining the 
vector space associated to the total bundle P(M , G), the 
following chain of identities for ordered pairs belonging 
to P X holds 

(c^Afp(2;) -ca) ^ {Rgoa^,p{x) ,{g-^)A^eB) 

= [RaoRboa,,^{x),[a-^)A''{h-^) 



(84) 



differing from (|82|) merely in that, in it, ((8T|) is replaced 
by the natural basis (without hat). Then, in terms of 
(|84| (and of the inverse of dST]) ') we can rewrite (|82|) as 



eA{x,0 = {h-^)A'' eB{x,i) 

= eA{x,0 + rH\ee^{x,^). (85) 

We point out the non-casual formal analogy existing be- 
tween (I55|) and the representation fields (jA6p of NLR's. 
In parallel to ([75]) . eg. ([55)1 can be expressed as 



6^(2;, o 



60(2;, o 

[^e5(x,0 +C''e^(x,0; 



(86) 



B^ec 



Making abstraction of the different base spaces -M and 
S respectively- where each vector basis is defined, the 
main new feature exhibited by (j86p as compared with 
([7^1 consists in the modified structure of its fifth vector 
component 



Raoa^{x),{a ^)A^eB 



a^{x) ,eA 



where we made use of ([S]), (pS)) and and we intro- 
duced the redefined natural vector basis 



e5 = rHle5+^'" e^) 



(87) 



CA-.^ ib~')A^eB 



(81) 



This quantity admits at least two different interpreta- 
(^O)tions. According to one of them, ([57)1 constitutes a 5- 
dimensional vector 65 = ba with the constant I 

as its fifth component. The second possible interpreta- 
tion, which we embrace hereafter, regards both, le^ and 
le^, as points joined by the fourvector-like quantity ^'^ e^. 
Accordingly, we choose one of these points as an origin 



in terms of the inverse matrix of (|5ip . All quantities 
in ((80| constitute different representatives of the equiva- 
lence class ([771) . 

However, by replacing in the last expression of ((5D|) 
the section a^{x) with a^p{x,£,), as suggested by the 
coincidence of their respective images guaranteed by (I30p , 
we get the vector basis of a different -although closely 
related- vector bundle associated to the principal bundle 
sector P(E,7?). So, in analogy to ((77)) . defined on M, 
and having at sight ([M]) , we define on S the vector basis 



I 65 . 



(88) 



and we regard the other one as an object formalizing 
position. Let us denote it as 



6^(2^,0 



. (2; , 7 e A 



RaO a^p{x ,(a' 



(82) 



.(83) 



(89) 



(90) 



showing, in fact, the aptitude of (IMl) to depict positions 
relatively to the origin (j88l) and measured by the position 



Replacing ^ and dHU) in ^ we get 

p = + ^'^ , 



vector ^'^ e^. The translational parameters ^'^ introduced 
through h in ((55)) (or through in (|?T|) ) acquire in a 
natural way the character of position vector components 
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-as constitutive elements of the gauge formalization ((90)) 
of position-. Later we will show that these fields play 
a central role in the description of motion, in close anal- 
ogy to the spacetime coordinates of Special Relativity. 
We will check below that our interpretation is supported 
by the gauge transformation properties of the different 
pieces involved in see P?7)) - ([TBD)) . 

With the notation (and interpretation) ([TO]) for the 
fifth component, the vector basis ([86]) takes the form 



(91) 



which presupposes that we also interpret the fifth com- 
ponent of (|84p as an origin ((55| , so that the 5-D Poincare 
basis -and its analogous ([7^ - is to be seen as a sort 
of affine frame. 



B. Gauge transformations of 5-D basis vectors 

The geometrical as much as the physical meaning of 
([79| and (|9T|) is further clarified by examining their re- 
spective responses to two kinds of action on them. In the 
present paragraph we examine their gauge transforma- 
tions, making use of the notation and the results of Ap- 
pendix B. Changes induced by a different manipulation 
(lateral displacement) of these objects will be considered 
later. 

Gauge variations of ([79]) (or (|77|)) result from the ap- 
plication of a gauge transformation ([22]) to the section 
defined in ([77)) . Even though ([^^ involves the left action 
Lg (with g = g{x)) rather than the right one Rg with 
which we know how to operate inside (|77l) . we assume, 
as in Appendix B, that (T^^(a;) • g{x) ■ a^,p{x) — g{x), 
so that Lg o (7j,,jj3 — Rg o a^jp . Then, by definition, the 
gauge transformed of ([77]) reads 



e^(x) := ( 

( 



9A^ 



(x) , CA 
/ N B ° 

(x) , gA CB 
ix). 



(92) 



In particular we take gA^ to be the 5-dimensional rep- 
resentation of the infinitesimal group element ()B1[) . that 
is 

« ,Sf +i/3"^(A„^)A^+ie'^(Pp)A''. (93) 

When replaced in using ([35]) and ([37]), it yields 

e'A{x) = eA{x) + OAc Z?"'^ ep{x) + S% e'' e^(a;) , (94) 

so that the basis vector variations turn out to be 

6ea{x) := e'^{x) - ea{x) ^ I3a^ ei3{x) , (95) 
Se5ix) := e'^ix) - e5ix) = rh'' e^ix) . (96) 



Although not explicitly displayed, being g = g{x) -more 
details in ^]-, the gauge parameters are understood to 
depend on coordinates x S M, that is, f5a^ = f3a^{x) and 
ef^ = ef{x). 

On the other hand, gauge transformations of ([9T]) (or 
([82]) ) require a somewhat different treatment. The action 
of Lg is in this case ([3T]). moving sections from {x S S 
to (a;,^') e E. Nevertheless, (I5T]) also induces standard 
vertical gauge transformations on E along fiber branches 
7r~^(a;,^') as follows. Acting simultaneously on both 

o 

ordered-pair elements of ([82]) . and denoting by c'a the 
transformed quantity 



e'A 



(6'-^)A^es, 



M , (97) 
as defined by ([5T]) . involving the (primed) (ISTt -inverse 



(6'-i)^^ = (e»? ^^.)a^ = S^ + l-H''S\6^ , (98) 



we get 



Lg o a^p 



{x,0,e' A 

O 

Rh o a^p{x ,^') ,e' A 



a,p{x,e),h 



e B 



hA''eB{x,C) 



(99) 



Replacing in ([M]) the infinitesimal i/-subgroup element 
()B2p in its 5-dimensional representation 



S% + ifi''^iA^0)A 



(100) 



with /i"'' = as derived in ([B8|, and with ([35]), we 
find 

e'Ax,e)^eA{x,e) + OAc.P"^Mx^C)- (101) 
From (jlOip we define the gauge variation 



(102) 



constituting the vertical change of ([82]) (over a trans- 
formed point (x , ^ ' ) G E ). Of course, the total transfor- 
mation induced by Lg on the basis vectors is 

Ae_A e^(a;,^') - eA(a;,0 

= SeA{x,^') + [eA{x,£,')~eA{x,£,)] . 

(103) 

However, in the present context, the additional contribu- 
tion in ()103p is to be seen as an induced (active) coordi- 
nate transformation of the base space E (in analogy to 
Fig. 2). More explicitly, gauge variations (I102p read 

Scaix,^') := e'^{x ,0 ~ea{x ,0 

= pJep{x,C), (104) 
6e5{x,C) ■■= e',{x,e)-er,{x,C) = 0. (105) 
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Using in addition (|9T|) . we rewrite (I104p and (jl05l) as 

Se4x,C) = pJepix,C), (106) 
Spix,^') = 0, (107) 

where, as before, it is understood that /Sa^ = /3a^{x). 
The remarkable result (jl07p shows that (|90|) provides a 
Poincare invariant description of position. 

Comparing the position structure (j90p with the varia- 
tions (|106p and (|107l) . together with the gauge transfor- 
mations (|B9|) of calculated independently from the 
simplified form (jA4|) of the general transformation for- 
mula (PSI) (or (PT|) ). we find the consistence condition 



(108) 



So = 



(similar to (|96l) ) showing that the basis vectors ([M)) on 
E behave analogously to (1771) on A/ under gauge trans- 
formations. 



C. Lateral displacement of 5-D frames 

As we know, with respect to the underlying base space 
M, gauge transformations are vertical automorphisms 
moving sections along fibers placed over fixed points 
X G M. Next we define a lateral link between sections 
sited on fibres attached to different points of the base 
space. For that purpose, with the help of connections 
-defining horizontality-, we introduce parallel transport 
of fibers as follows [42l . 

In a principal bundle P{M ,G), let 7(A) be a curve 
in the base space M. Horizontal lifts of 7(A) are curves 
7(A) in P lying over 7 in the sense that '!Tp,^,j{j) = 7, 
and such that vectors X tangent to 7 at any point are 
horizontal; that is, such that X\uj = 0. For a given curve 
7, there exists only one horizontal lift 7 passing through 
a given initial point uq G 7r~^(7(0)). Parallel transport 
of a fiber point u G tt^^{x) consists in its mapping to a 
different point u' G 7r~^(x'), located on a neighboring 
fiber, moving along the unique horizontal lift 7 joining 
both points. 

In order to operate with such lifts, we take them 
to be 7(A) = Sj,j^(A) = Rg o (T„p (7(A)), identical 
with parametrized sections (O, where g = g(7(A)) and 
g(7(0)) = g G G, so that 7(0) = s,,,{0) = a,,, (7(0)). 
Then, provided X is a tangent vector to 7(A) at 7(0), the 
pushed-forward vector X Sj^jp^,X is tangent to 7(A) 
at 7(0). Its horizontality condition reads Sjv/p* — 0. 

Let us first apply this result to the standard Poincare 
principal bundle. It is easy to check that p9|) with (j40|) 
and (|4H) , in the 5-dimensional matrix representation ()52|) 
-and ([Si]) -, can be expressed as 



{~g-')A''dgc'' . 



(109) 



form ((13)) becomes 

(r')A^d5c^ + (g-0 



OJA 



C* 



\ D ~ B 

)c go ■ 



(110) 

where {Aj^j)c^ is the 5-dimensional representation of 
([66]) . From the horizontality condition Sj^,p^, X\uja^ — 
with (jllOp follows the parallel transport equation 



s,,p. x\ d{r')A^ = (r')A^ (^j Am)c^ . (Ill) 

Following '42'], let us now combine the result (jllip with 
the following considerations on the vector basis (j77p . 
Showing the 7(A)-curve-dependence with the help of a 
simplified notation where only the curve parameter A is 
displayed, we start rewriting the equivalence class (j77p in 
terms of a convenient representative as 

eA(A) := (cr„p(A),eA) 

= (i?gO^,,p(A),(r')A^e 



«Mp(A),(r')-^° 



(112) 



Condition (jllip guiding parallel transport of fibres in- 
duces a lateral displacement of frames. Indeed, let us in- 
troduce a differential operator Vjc defined by a suitable 
differential action on the second element of the ordered- 
pair of the last expression in (|112p . namely 



(s,,,(A),-s„,,XJd(.g-')A^eB) 



VxeA(A) ^ _ , , , _ ^ ,., _ , 

(113) 

Replacing (|llip in (IllSp and taking into account that 
(r')A^(7(0)) = 5<i, we get 



VxeA(A) 



A=0 



(,s„,(A),-(r')^^(XjA,Jc^eB) 



.(0),-(XjA,J^^^s 



(1 



= -(XjA,J^^eB(0), 

which, in terms of the 5-D representation of the connec- 
tion (l66l). reduces to 



Vx eA(A) 



A=0 



zXj(r"^(A„^)^^ 

(T) 



(P^)A^)es(O) 



= o^„(Xjr"P)e^(0) 

(T) 

+l-H\{X\V^^)e,{Q). (115) 

Ea. pi5p decomposed in components and generalized to 
any point yields 



so that, in this particular representation, the connection 



Vxeo.(x) = {X\Tj)ep{x), (116) 

(T) 

Vxe5(a;) = ri(Ajr'')e^(x). (117) 
By defining the AT-independent nabla operator V by 

X\^eA{x)^WxeA{x), (118) 
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from (I116|) and (|117l) we get 



- r_/3 



(T) 



(119) 

(120) 



Something similar can be done -to some extent- for 
the basis vectors (j82|) on the intermediate base space S. 
In this case we make use of the connection 1-form (ITil) . 
which in the 5-dimensional representation reads 



- (a-i)A^dac^ + (a-')A^<, (Fjc'^aD^ 



(121) 



The parahel transport equation analogous to (|llll) is 
found with the help of a vector K on E which is re- 
quired to be horizontal, that is, such that it satisfies 
s^p^Y\ujA^ = 0, yielding 

s,,. Y\ d{a~')A^ = (a-i)^^ (>^jr Jc^ . (122) 

Following similar steps as before in (|112p . we transform 



eA{x,^) 



(Tj,^ (x , ^) , e A 



° crj,p (x , ^) , (a ^)A^e i 



■Sbj. (a; , C) , (a ^)A^e, 



(123) 



and we introduce the (|113p -analogous definition of the 
nabla operator 



VyeA(A) 



A=0 



(J 



(124) 



which together with condition (jl22p . proceeding as in 
(fTTi]) . yields 



A=0 



'eB(O). 



(125) 



Replacing in (jl25p the 5-D representation of connection 
([57)) . we get 

VyeA(A) = OA„(yj7r*^^r"'')e^(0) 



A=0 



-l-U\{Y\^^^)e,{Q), (126) 



which, in components and generalized to any point, reads 

Vye„(x,0 = (rj7r*,,,r/)e^(a;,0, (127) 
Vye5(x,0 = ri(yj^^)e^(x,0- (128) 



Here we have to notice that, strictly speaking, ()127p is the 
only rigorous result we can derive from (|124p , due to the 
fact that both members of (|128p vanish for Y horizontal. 
(This follows from the structure of a^^ in (I12ip - 
where da<^^ =0 - and from (I135P below, respectively.) 
Notwithstanding, we keep the formal expression (jl28l) as 



a guide. In terms of the K-independent operator V such 
that 

rjVeA(a;,C)=VyeA(x,0, (129) 
from (|127p we get 

Veo(a:,0-<,,r/e;3(x,0, (130) 



whereas from (jl28p we cannot conclude anything. How- 
ever, in order to complete the action of the nude nabla 
operator on the components of (|91l) . we postulate - 
consistently with (jl28l) - that 



(131) 



where definition dHU) is used. (See Refs. [13| [4j|.) As 
an argument in support of (I13ip . let us compare it with 
the result of acting with the operator V on (PH)) taking 
(I130p into account, that is 

Vp = V(o + e^e,J 

= Vo + + Ve^ 

= ^o + {de+K.J.''S,n^^.■ (132) 



Checking the r.h.s. of against definition of 
we realize that the only remaining requirement for the 
validity of (|13ip is the condition 



(T) 



(133) 



similar to the already deduced result (|120p . 



VI. TANGENT SPACE T(P) OF THE 
POINCARE COMPOSITE BUNDLE 

Returning to the bundle manifold, we next organize the 
tangent bundle identifying horizontal and vertical vectors 
corresponding to each of the two bundle sectors ([2]) and 
([3]). With the help of connection ([71)) -([75 | introduced in 
Section IV, we start looking for horizontal and vertical 
vectors in the tangent space T{Yj) of the intermediate 
space S. 



A. Vectors of the intermediate tangent space r(E) 

Let us construct a horizontal vector on T(E) (using 
only the orbital part (j62p of the angular momentum gen- 
erators since the intrinsic part is not defined on E). 
We write the horizontal vector in different forms as 



X,, := 



(T) 

r,,.(r.-ir+rf^ir ) 

(T) 



9fM 



(134) 
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where we used the relation s^^j,, 9^ = o'Ms*^i + 
di^^ -Kp^^di^^ and definition (17^ . Vector (I134p con- 
tracted with (|69l) yields 

l,Jz9^=0, (135) 

implying that also its contraction with (|75p vanishes, that 
is 

s (P) 

a^p*X,jV=0, (136) 

so that, in fact, Xi is the horizontal vector corresponding 
to the translational connection part (|75|) . 

On the other hand, we recognize in (j57p the fundamen- 
tal vector pointing vertically along the fibers G/H of the 
fibred space E — M. To check it, we rewrite (I75t using 
(ITCl) and defining 

(T) 

K ■■= = ^pC^ + <,,rfa;*(r,.^e + r, ^ ) , (137) 

(compare with (j69p ). and establishing the chain of equal- 
ities 

so that, contracting ([57]) with (|75p . we get 

L<r'J^£^ = P^. (139) 

However, for later convenience, we replace the fundamen- 
tal vector with a modified one. Let us define the latter 
as 

eA.:=e^*s,,,,9,. (140) 

Despite its lack of apparent relationship to the standard 
fundamental vector L^f^ ~ , introducing the inverse 
matrix e^* of (17^ . such that e^* e^"^ = (5^, and multiply- 
ing by it ([1341), we find (fT40)) to be equal to 

s ■ ^ 

= TTpE* + e^'Xi , (141) 

mainly differing from the fundamental vector (j57p ~ d^i^ 
by a term proportional to the horizontal vector (jl34p 
satisfying (|136p . In analogy to the standard fundamental 
vector (|57l) . we realize that a vector constructed from 
(|14ip satisfies a condition similar to (I139p . namely 

ia^,,e^\V ^P^, (142) 

or, in a more intuitive formulation, for (|14ip itself holds 

e.K^S';. (143) 

(Compare with (I135p .) In analogy to (|7ip . with the help 
of the inverse matrix e^* of (j72p we introduce in the base 
space M the basis vectors 

:= e^'d, , (144) 



which in view of definition (|140l) are found to relate to 
the tangent vectors (|14ip of r(i;) as 

e^. = . (145) 

That is, is the push-forward of by s^j^. Observe 
that, recalhng dTT]), ([Ti5)) and basis vectors 

and 1-forms (|7T|) . as much as their related quantities 
(ITiT|) and dnH), satisfy 

A'J J\./ f'J MS E 

= e^J^^='5;:, (146) 

(see Appendix D), so that, since we identified the 1-forms 
"i^M in ((7T|) as ordinary tetrads, from (I146P we find that 
{ e'^ } is the ordinary vierbein vector basis on M . 

B. Other vectors of the tangent bundle T{P) 

For the sake of completeness, we introduce the vectors 
corresponding to the bundle sector P E although they 
do not play any role in what follows. In the mentioned 
principal subbundle JH), besides the vertical (fundamen- 
tal) vector L'-^p such that 

L::^J^(^^=A„^, (147) 

one can define a horizontal vector built in terms of (jl4ip 
as 

E^:=i ('T,pJ,,+*rf L^7') , (148) 

(with the intrinsic part of Pj^^ as defined in ((60|). ((62|) 
and with the Lorentz connection components := 

Bfj.^ ) satisfying, when contracted with (175]) and ([75)1 
respectively 

E^\^^^ = P^, (149) 

J' , (A) , ^ 

i^^J w = 0, (150) 

being (|150p the horizontality condition for the subbundle 
P — E. To check (jl50p . one must take into account that 
^aTJ0rA)='5f„<S^j and 

— s p Itt* r"'' 

— ''me* '^mJ'^em-^ 

— e^ji — 1 j 

=:rf. (151) 

A scheme of the basic vectors of the tangent bundle T{P) 
is displayed in Fig. 3. 
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FIG. 3: Tangent bundle T{P) 



The composite fiber bundle structure is compatible 
with the existence of horizontal and vertical vectors 
corresponding to the ordinary principal fiber bundle 
P{M , G). Indeed, the vector built in analogy to (I134p 

p (T) _ _ 

X. := a,,,, a, + ^ (T, ^L<^' + T^L^:'^ ) , (152) 
is such that 

P (P) P (A) 

X.Jw =0, X^\J = 0, (153) 

so that it is horizontal in the total bundle; the corre- 
sponding (vertical) fundamental vector is a combination 
of (UMl) and (fT47ll . 



VII. CONSIDERATIONS ON THE TANGENT 
SPACE T(E) 

A. Enlarging the frames of the tangent bundle 
with an origin 

The natural basis of the tangent bundle r(I]) is 
{ CTjj^j,* di , TTjjj,* }. In Section VI A, with the help of 

(.P) 

the translational connection contribution lu (involving 
the tetrads i?^ on E), we first divided the tangent space 

r(I]) into a horizontal subspace with basis { Xi } and a 
vertical subspace with basis { tt^^,* }, and then we re- 
placed the latter vector basis by the modified one { }, 
relating as (I145P to ordinary vierbeins, which we proved 
in [2^ to transform as Lorentz vectors. This suggests to 
identify { } as a Lorentz frame, and the set of all such 
frames at all points of E as a frame bundle over E with 
the Lorentz group as its structure group. 

Next, following [4l|, see pgs. 125 ff., we enlarge 
the bundle of linear (Lorentz) frames to the bundle of 



affine (Poincare) frames adding a point € T(E) to 
the Lorentz frame { } to complete a Poincare frame. 
By later convenience, we denote this point like in ([55)) 
as ^~^o, so that the Poincare frames, which constitute a 
principal bundle with G =Poincare as its structure group 
[4l| . take the form 




(154) 



similar to the basis ([84)1 built from the natural basis { e ^i} 
of R5. 

In analogy to (|85p . where we recognized a relation of 
the type (|A6|) characteristic for representation fields of 
NLR's, from (|154p we also define 

^ = (6-1)^^1^= (^^_^;,^, (155) 

where p is given by ([90]) . The Poincare frame (|155p 
closely resembles the 5-dimensional vector basis (|91l) . 
both being defined on the E-manifold. 

As revealed by the 5-D associated vector bundle, al- 
though the fifth basis component is an elusive quantity 
which seems to be hidden in the tangent space T(E) 
(maybe because no vector proportional to 9^5 exists), 
it is reasonable to consider it as an unavoidable consti- 
tutive piece of a complete vector representation space of 
the Poincare group. 

Even if not explicitly present in the tangent bundle for- 
malism, the presence of 65 can be recognized by the traces 
it leaves behind on other mathematical objects, in par- 
ticular through translational connections. According to 
(|13ip . its mark is present in the internal structure (p^ of 
the modified translational connection "i?^. A fundamen- 
tal correspondence seems to exist between the associated 
5-D vector space and the part of the tangent space of 
T(E) expanded by (fTTO)) . 

B. Conjecture 

Despite the incompleteness of the scheme, mainly due 
to the difficulty in detecting the presence of or p 
in T(E), we propose to identify (|154p with the vector 
basis (|84p of the 5-dimensional representation space of 
the Poincare group, and its (|85p -analogous modification 
(|155p with ([91]) . In other words, we postulate that (|154p 
is a basis of a 5-D vector space constituting a linear rep- 
resentation space of the 5-D matrix representation of the 
Poincare group, being (|155p its (jA6l) -tvpe modification 
associated to NLR's. 

Accordingly, in the following we do not distinguish 
P55p from (PTjl . so that we can apply to the tangent 
space quantities the features previously found for ([9Tt . 
So, we assume the Poincare frame (|155p to consist of the 
basis vectors and the position point 

^ = (156) 
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built in analogy to (|90|) . The gauge transformation of 
the different pieces of (|156p under the Poincare group, 
according to (fTOe]) . (fTOTj) . (fT08| and (jB9|, are respec- 
tively 

<Se^ = (157) 

<5o = e^e^, (158) 
= (159) 
Sp = 0. (160) 

On the other hand, their lateral displacements, according 
to (fT30)) . (fT3T|) and ([733]) read 

vi^ = <„r/i,, (161) 

(T) 

= <,,r'^e^, (162) 

= v(o + e^i^) 

(T) 

= [d.e^ + <,,(r.^r + rM]e^ 

=: (163) 
In addition, in view of (|146p 

i;.J^^ = eVJC-<5;:. (164) 

In what follows, the position object p plays a central role 
in the interpretation of motion. First of all due to its par- 
ticular structure (|156p . which enables the translational 
parameters to acquire their natural interpretation as 
position vector components. Moreover, it also explains 
the form (|69p of as derived in (|163l) . thus determin- 
ing the configuration (jl84p of fourvelocity components. 
It also gives a definite meaning to equations (|189p and 
(I190p to be studied later. 



On the other hand, dynamical changes (|16ip . (|162p 
of frames are displacements moving from fiber to fiber 
by means of the operator V, whose action on the frame 
(i^ ,l~^o) brings connections to light. While vertical mo- 
tions merely modify the point of view, leaving the geo- 
metrical object p unaffected according to (|160p . lateral 
motions induce real changes (|163p on p . With these dis- 
placements (|163p . pulled back to M as in ((7T|) . one can 
build the line element ds^ = o^^ , and moreover, 

in the related form (|180p below, it induces time evolution, 
as we will see immediately. 

VIII. TIME EVOLUTION 

The starting point of Einstein's Special Relativity is 
the recognition of the local character of time. Local 
clocks are able to measure local time intervals either of 
static processes or of motions over closed paths, such as 
the round-trip time of a light signal. But the measure- 
ment of time intervals whose initial and final instants 
occur at separate points of space is in principle opera- 
tionally meaningless unless one postulates a synchroniza- 
tion (or simultaneity) criterion for distant events. Ac- 
cordingly, also the speeds of particles or of signals mov- 
ing from one point to another are in principle empirically 
not well defined. 

In Special Relativity, one cuts the Gordian knot defin- 
ing the global time of an extended inertial reference frame 
by means of Einstein's synchronization convention of con- 
stant one-way speed of light c. Moreover, from the re- 
quirement of invariance of c follows that the measure- 
ments performed in different inertial frames relate to each 
other through global Poincare transformations, so that 
the time of a relatively moving observer, which cannot 
be directly measured, becomes calculable. 

A. Flow of events and its generating vector field 



C. Vertical vs. lateral motions 

Concerning eas. (|157p - (ll63p . let us recall that vertical 
and lateral motions taking place in the framework of a 
bundle are essentially different in nature, and this state- 
ment holds also for motions vertical or lateral relatively 
to the fibred intermediate space E. 

Vertical motions (|157p - (ll59p of frames (gauge transfor- 
mations along fibres G/H) are kinematical in the sense 
that they do not involve connections (say forces), but 
only non-dynamical gauge group parameters such as 
and (3°^^ reflecting symmetries. They act on reference 
frames (material or merely ideal) by translating, rotat- 
ing or boosting them with respect to each other, giv- 
ing rise to physically equivalent descriptions. This holds 
for instance for the alternative perspectives, related by 
P57p - (|160p . on the position (|156p . which remains invari- 
ant while observed from different reference frames. 



In General Relativity as much as in its gauge exten- 
sions, that is, in curved spacetimes, Einstein's defini- 
tion of global time is not applicable since inertial frames 
exist just locally (associated for instance to free falling 
lifts). Any shared time one may introduce to synchro- 
nize not coincident although nearby events can only make 
sense in limited regions. We take from the literature the 
idea of an extended reference frame in the presence of 
gravity, spanned (locally) over a congruence of timelike 
curves [4^-{S|. A congruence is a family of trajectories 
-paths or worldlines- of a set of neighboring points mov- 
ing jointly. The tangent vectors to the curves constitute 
a nowhere vanishing fourvelocity vector field whose inte- 
gral curves are precisely the worldlines. The congruence 
of curves determines a flow, consisting in a transforma- 
tion of the space into itself along the worldlines, being 
the flow generated by the vector field. Thus, the congru- 
ence of curves, as much as the tangent vector field and 
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the flow of events through spacetime, reciprocally imply 
each other [49|. 

To be more precise, we introduce a vector field 

S = u'"e^, (165) 

associated to a set of neighboring observers on T(S), and 
we restrict our study to the case of timelike vectors (|165p . 
In view of (|145|) . the field (|165|) is trivially related to the 
vector 

u = u'' , (166) 

(defined on T{M) in terms of ordinary vierbeins) as 

u — Sjjj,* u . (167) 

In the following, we distinguish (I165|) from (I166|) only 
when necessary. Otherwise we merely write u. 

The nowhere vanishing timelike vector field u generates 
the flow of events which constitutes the observers' expe- 
rience of change. Actually, it provides a formalization of 
both, motion and pure passage of time. To see this, let 
us express (|165p referred to different frames boosted with 
respect to each other -or redefined using the gauge-like 
boost transformations (I185p . (|186p below- as 



u — u'^ e,, 



(168) 



By taking the hat components of the timelike vector to 
be = 0, M° 7^ 0, we can write (|168p alternatively as 



(169) 



where S = u'' represents the fourvelocity of an object 

with respect to the observer while u — u°e^ reflects the 
passage of (proper) time -pointing in the direction of the 

s 

proper time vector Cq- as measured in the frame where 
the object is at rest. 

Finally, making use once more of (|185|) . (|186p below, 
we find the invariant expression 



(170) 



For timelike vector fields (|165p . we can take -u" = 0, so 
that p70p reduces to 



(171) 



where we recognize the timelikeness condition, with the 
weight vP of the local rhythm of time (not necessarily a 
constant) in the role of the velocity of light. 



B. Probenius foliation condition 

As previously mentioned, instead of Einstein's global 
synchronization prescription, we introduce a related local 



simultaneity convention valid for neighboring observers 
moving along the flow of events generated by the timelike 
vector field (|165p . 

With the help of the Frobenius theorem, we perform a 
local spacetime foliation into simultaneity slices cutting 
the worldlines orthogonally. In order to carry out the 
foliation, first one has to introduce a suitable 1-form ojr 
satisfying, with the vector field (|165p . the relation 



(172) 



The simplest 1-form cj^ consistent with (|172p . with (|17ip 
at sight, is 



1 



Then one imposes the Frobenius foliation condition 



(173) 



(174) 



which constitutes the necessary and sufficient condition 
for the existence of hypersurfaces orthogonal to the vec- 
tor field u. Eq. (|174p induces both, a foliation of the 
tangent space into simultaneity slices providing a syn- 
chronization criterion, and moreover, the existence of a 
certain time function t such that the solution of (|174p 
reads 

ujr=Nd^T. (175) 
In terms of (|175p . condition (I172p takes the form 



1 



(176) 



so that, in view of (|135l) with (jl73l) . implying u to be 
determined up to arbitrary contributions proportional to 

Xi, the general form of the vector field (|165l) can be 
written in the quasi standard form 



(177) 



involving both a lapse and a shift-like function. Compar- 
ing (fTTT]) with (fTMl) and ([T4T1) . we find dr = 9^,. 
and N'' = Nu° io' = Nuf^e^J-. According to (fT77)) to- 

gether with u = vPe^ in (|169p . the function t can be 
seen as a (parametric) time function measuring the flow 
of (proper) time of an observer at rest, since eo oc dr 
up to irrelevant (horizontal) contributions proportional 

to Xi. Function r labels simultaneous events placed on 
successive spacelike hypersurfaces of simultaneity along 
the time flow. It provides a parametrization of proper 
time, playing the role of a shared time for locally syn- 
chronized neighboring reference frames. 

The Frobenius foliation condition (|174p is equivalent 
to the condition of vanishing vorticity since, in terms of 
lOt given by (|173p . the vorticity, defined in terms of the 
Christoffel connection (denoted with curly brackets {}) 
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with the help of the projectors hj^ := 5^ + Ua_u^ / {vP^ 
as in pg. 82 of [Til oi' PS- '''0 of [5C|, reads 

ivPY 

= ^-^ea\e0\u\{ujrAdujr). (178) 



(See ([TMl) and and compare with ^7^.) By defin- 

ing simultaneity for a congruence of worldlines with the 
condition to be irrotational, one aspires to avoid the dif- 
ficulties in the characterization of simultaneity for rela- 
tively rotating frames. 




C. Time connection defining simultaneity slices 



FIG. 4: Simultaneity slices 



Locally, a congruence of curves resembles a fibred 
space. On the other hand, we have seen that a local def- 
inition of simultaneity requires the introduction of local 
spacelike slices of simultaneity (orthogonal to the fibres 
of such space) which can be regarded as horizontal hyper- 
surfaces, so that, as pointed out by Minguzzi (45|-|48|. 
they are to be associated with a so called simultaneity 
connection. He assigns this role to uJt- We claim that 
the dependence of local simultaneity on a connection ac- 
tually constitutes a feature of the bundle structure [l^ 
supporting the present paper. Indeed, let us show that 
the one- form (|173l) , defining horizontality and thus simul- 
taneity, is the time-translational component of a Poincare 
connection of the type considered by us. 

Evaluating (I173P referred to a frame where u"" = 0, 
vP ^ 0, the gauge invariant expression u^-d'^ reduces to 

wo^?°, see (|C9l) . so that 



(179) 



According to (|179p . the one- form ujr coincides (up to mul- 
tiplicative factors) with the gauge invariant time com- 
ponent ()C9P -with zero variation (jCll|) - of the transla- 
tional connection of PGT corresponding to the coframe 
with u"- = , so that (I174p is equivalent to the (gauge 
invariant) fohation condition ^° A = of Ref.[33]. 

The connection 1-form i?° defines in particular the hor- 
izontality of the spacelike vector fields Bq, satisfying the 

condition eaj?9° — 0. See Fig. 4. This role played by 
in the definition of (horizontal) hypersurfaces of simul- 
taneity can be extended to the time component of arbi- 
trary translational connections (j69p . So, the time con- 
nection boosted with respect to (see ((C9 l) - (|C10j) ) 

defines the horizontality of the spatial basis vectors Ca, 
and thus the simultaneity of all events contained in the 
hypersurfaces expanded by them, since also in this case 



The equality between (|175p and (I179P implies the align- 
ment of "d^ with d^T. Such proportionality oc d^T, 
in correspondence with the one eo oc d^. already men- 
tioned when commenting (jl77p . derives from the form 
of (|179p . resulting from the choice of a frame with zero 
three-velocity. In both cases, the absence of motion in 
the appearence of the time function r parametrizing the 
time flow suggests to interpret it as proper time. 



D. Bundle aspects of the timelike vector field u 

The underlying composite bundle structure where the 
vector field (|165p is defined enables interpretations of its 
components in terms of several preexisting bundle 
fields such as translational and boost Goldstone fields ^'^ 
and respectively (together with connections). In the 
following we discuss the internal structure of derived 
in a natural manner from its relations with those fields. 

Taking into account eq. ()163p . ruling the displacement 
induced on the position object p by the operator V , we 
introduce the evolution operator , whose action on p 
we define, in analogy to (I129p . as 



(180) 



showing the effect of carrying p from fiber to fiber along 
the flow generated by u. According to (|164p . (|165p and 
(|166p . the quantity appearing in the r.h.s. of (|180p is 
simply 



(181) 



Then, recalling the tetrad structure (jBH]) or (1751) and defi- 
nition of ordinary Lie derivatives of forms a with respect 
to u in its role as time vector (jl77p . namely 



111 



u\da -\- d {u\a) , 



(182) 
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and their covariant generalization [l^], given by 

L„a^ u\ Da^ + D{u\a^), (183) 

we find 

(T) 

(T) 

= 4.e^ + ri.^r + r^, (184) 

along the flow generated by u (see where we use 

(T) (T) 

the notation T^^^ := ujT^^ and r'[ := ujT^. Eq. 
equips the vector field components with a structure, 
according to which, changes of p as represented by u be- 
come expressed in terms of bundle fields, in particular 
in terms of the coordinate-like quantities and con- 
nections. From (|184p we read out that the measurable 
relative position vector evolves with respect to para- 
metric time, while contributions due to the change of 
frame (including the origin, see (|16ip and (|162[) ') ensure 
the covariance of . 

A second interpretation of is possible -compatible 
with (|184p provided u is timelike- in terms of Gold- 
stone fields different from the translational parameters 
namely in terms of the boost Goldstone fields (|C6p 
introduced in [Hi and briefly recalled in Appendix C. 
Acting with u on the coframes (|C9p and (jClOp involving 
those Goldstone fields (|G6p . we get 

= ua + (^_l)^yb_^/3V. (186) 

P 

Then, being the vector field u timelike, we can take as 
before = 0, m° 7^ 0, so that (fTSS]) . (fTSe]) imply 

w° = (187) 
u« = ^i07/3^ (188) 

establishing a relationship between the vector field com- 
ponents u^^ and the Goldstone fields /3° (the latter ones 
being isomorphic to the boost parameters of the Lorentz 
group). From (IT87|) and (fTM)) with the Minkowski metric 
(|48l) follows the condition ()17ip corresponding to a time- 
like vector whose worldlines occur inside the light cone. 
The quantity := uJfS^ is invariant (although not nec- 
essarily constant) since it is defined as the contraction 
of u with the invariant time connection (|C9P with zero 
variation (|Clip . If desired, one can identify vP with the 
(constant) velocity of light c. 

E. Geodesic motion equations 

In the present approach, motion results from the dis- 
placement of the position object p along the flow of 
events, as induced by the evolution operator V„. Other- 
wise we follow the standard view, assuming the motion 



of test particles to be geodesic, with the timelike vector 
field u satisfying m^m'^ = — (u°)^. (Here we do not pay 
attention to the geodesic motion of free propagating light 
rays involving null vector fields.) 

Let us consider the tangent space T^^. (S) at a given 
point {x,^) e S. Positions on it are described by the 
gauge-theoretical variable p — + i^** , so that, with 
respect to the frame (e^ , / ~^o) , a position is fully deter- 
mined by measuring the vector components More- 
over, for an observer at rest on a given frame, motion 
manifests itself as a succession of different values of S,^ 
of a moving body with respect to the (seemingly) fixed 
frame. That is, for the observer describing motion, only 
the relative-position components ^'^ and their alterations 
are immediately measurable. 

However, although not evident to the observer, changes 
also affect the reference frame. When p is carried by 
the flow generated by the timelike vector field u from 
T(2; j)(E) to a neighboring fiber at the S-point (x,^) + 
d{x,C), then, according to P^ . p^ . ^M]) . the posi- 
tion points experience the change 

V J = S = u% , (189) 

with the fourvelocity given by (|184p . the latter con- 
taining not only the observable modification of the 
position parameters, but also connection contributions 
due to the changes of the moving frame, that is, those 
(|16ip of the vector basis and (|162p of the origin (all of 
them referred to the seemingly fixed frame displayed 
in (fT89)l l. 

Let us now turn attention to the equation of motion 
for test particles. As already mentioned, we take it to be 
the geodesic equation, written in terms of the action of 
V„ on p as 

^IL^^ GfJ, "^^^ IL^ fJ, 

= 0, (190) 

(which can be seen as an additional condition, together 
with (|17ip and (|172p . characterizing the vector field u). 
From p90p we get the law 

L„w^ = 0, (191) 

(also relative to a seemingly fixed frame e^) where the 
covariant acceleration reads 

L„M^ := 4.u^ -t- F^,^ u'' 

(T) 

= L„L„e^ + L„F'[. (192) 

(The second form of p92p derives from (|184p .) In virtue 
of (|19ip with definition (|192p . the connections Fj^^^ and 

F^, induced by the evolution of the basis vectors and 
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of the origin o respectively, become observable as a re- 
sult of their influence on the acceleration lulu£,^ of the 
position vector - as forces deviating motion from being 
rectilinear-. In the absence of connections, (I19ip reduces 
to the inertial law 4i4tC^ = 0. 

It should be clear from the previous exposition that 
observable motion is not that of the point p as such, 
but that of the vector components relatively to the 
frame (e^,Z~"'^o) when p is displaced (that is, when it 
evolves) from fiber to fiber in the direction pointed out 
by the timelike vector field u. See Fig. 5. Indeed, since 
no global frame (and in particular, no global origin) ex- 
ists, motion has to be evaluated locally with respect to 
a frame evolving on the underlying bundle structure as 
V„(e^ , l^-^o), see (|16ip and (|162p . where connections are 
previously determined by field equations (that is, either 
by the Einstein equation of GR or by its generalizations 
of gauge theories of gravity). 



theoretical formulation in PGT which can be found else- 
where [13 H 
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We make use of this particular 
solution in order to illustrate the kind of motion de- 
scription presented in previous section with the exam- 
ple of a test particle orbiting on a well known geomet- 
rical background. In this case, the geodesic evolution of 
p — + ^f^e^ according to (|190p gives rise to the mo- 
tion of ^'^ with respect to the (apparently) fixed frame 
(e^ ,'"^0) , resembling the behavior of a two body sys- 
tem in classical mechanics, with the changing position ^'^ 
showing the motion of a reduced mass with respect to a 
center of mass placed at the origin. Fig. 6 shows what 
an observer actually sees on the tangent space when the 
latter evolves on the bundle background as depicted in 
Fig. 5. The values of S,^, referred to the moving frame 
taken as a fixed screen, are observed to change according 

to pM|) with imD. 





FIG. 5: Underlying time evolution on the bundle 



FIG. 6: Observable time evolution 



Let us finally say that our restriction to timelike vec- 
tor fields u, associated to observers, is justified merely in 
order to guarantee the interpretation of the function r as 
parametric (proper) time. However, by replacing r by a 
parameter A with no time character, also null vectors as- 
sociated to light rays are admissible, so that the geodesic 
motion is determined in general by condition V„V„|5 = 
together with either Uf^u^ = — (w^)^ or u^u'^ = 0, corre- 
sponding to massive free point particles or to light rays 
respectively. 



IX. SCHWARZSCHILD ORBITS OF TEST 
PARTICLES 

In the present paper we are not concerned with 
gravitational dynamics. Nevertheless, we make use of 
Schwarzschild's spacetime, which is obtained as a solu- 
tion of Einstein's equations [52l| or of an equivalent gauge 



A. Schwarzschild tetrads and connections 

The treatment we are going to develop is not univo- 
cally determined. However, with our particular choices, 
it should be illustrative of the general features one can 
find in the analysis of any motion. Let us consider the 
Schwarzschild metric solution of General Relativity 

ds^ = -^^C^dt^ ' ' -2 ^^2 , „2^;„n2^..2 



$2 



r^dr -fr^sinr (193) 



with the Schwarzschild function 



2GM 



(194) 



In Cartesian coordinates, (jl93l) takes the form 



ds" 



-<^>'^c^df- 



/ 1 \XaXb 
A$2 



dx'^dx'', (195) 
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which can be expressed in terms of tetrads as 

ds' = < , (196) 

with the Minkowski metric = diag{ — h H — h) , where 
we choose 



^0 



(197) 
(198) 



being r ~ y/x^^x°- = \/ Sat x°-x^ . In the absence of 
torsion, the Lorentz connection on M reduces to the 
Christoffel connection 



-n{} I J 1 /m I If I 



di?! W^. (199) 



(See [12|.) In order to calculate ([TMl) for the 
Schwarzschild case, from (I197P and (|198l) we find 



A,f ' __ M M ' 



d-d" = ($-l)i^z9^ Az9° , 



where 



5^$ 



(200) 
(201) 

(202) 



so that the Christoffel components (I199P with (|200l) and 
(PUT|) read 



r» = q>dr<^>ycdt, 

rf} 



a6 



($ - l)—X[adXb] 



(203) 
(204) 



B. Motion in Schwarzschild spacetime 

Let us now apply the motion equations of Section VIII 
E to this particular geometry of spacetime. Contracting 
(|197p and (|198p with the parametric time vector u, we 
get the fourvelocity components of the form (|184p . whose 
values reduce to 



x° , 



(209) 
(210) 



where we use the simplified notation :— Z„x' — u\dx'^ 
for the Lie derivative of x"^ with respect to the vector field 

M 

u. 

Next we calculate the corresponding motion equations 
(|191l) making use of (|209p and (|210p and of the connection 
components ((2115)) . ((201)) . We get 



= L„u° = ^/„($2cr 



(211) 



= L„ w'^ 



(1-$) 



+- 



X\,X 



$2 



($2ci)2 



1} 

(212) 



Eq. (|212p can be simplified by eliminating r from it. In- 
deed, multiplying (|212l) by Xa^ and taking into account 
that Xax"" — r^, Xaif" = rr and Xax" = rr— (iai" — f^), 
we find 



With ((2M)) and ((201)) at hand, the tetrads ((TOT)) . ((TOg)) 
can be brought to their fundamental form 



(T) 



(205) 



established in (|73p. by identifying the translational pa- 
rameters as 



e-.^^ct, c--=^, 

and the translational connections as 



(206) 



^-cditr)0.^^-^^^, (207) 



(T) a 
pa _ _ 

r 



'r dr 

<j)2 



(■ 



(208) 



Notice, comparing ((207| and ((208)) with ((T62)) . that the 
displacement of the origin by the operator V gives rise to 
terms proportional to the mass placed on it, constituting 
the source of the gravitational field. 



= — (xbi 



(213) 



which, replaced in ()212p . yields 

$2 







(214) 

Notice that Eqs. (I21ip . (I214p -obtained by covariantly 
deriving the components (|209l) . ()210p of a fourvelocity 
of the form ()184p as studied in the present paper- ex- 
actly reproduce the standard geodesic equations -|- 



r 



i dx' dx'' 
jk dr dr 

dx^ 



= formulated in terms of a different fourve- 
locity ^ and of the ordinary Christoffel symbols FJ^ = 
i 5*™ ( djgmk + dkgm] + dmgjk ) built with the metric 
.900 = 9ab = Sab + - l)^^ read out directly 

from (I195p . 

What follows is standard manipulation of 
Schwarzschild geodesic equations 52]. Ea. ((21ip 
implies 



$ c t = if = const . 



(215) 
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On the other hand, in view of the proportionahty cx a;° 
established by (j214p . the angular momentum per unit 
mass [521 defined as 



(216) 



is a conserved quantity whose time derivative trivially 
vanishes. Thus, 



J2 =r2(ibi^-r2) 



(217) 



is a constant of motion. Replacing (|215p and (|217p in 
(I214p . the latter reduces to 

= i" + ^{(l-$2)^ + ^(i^^-r^)}. (218) 

Finally, the relation Oapu'^u^ — —(? (where we identify 
■(1° = c ) in terms of ([^0^1) and d^TU]) yields 



$^c^i^ + (ibi''-f^) + 



$2 



(219) 



which, taking into account once more (|215p and (|217l) . 
yields 



_ ^2 ^2 



J2 



(220) 



From ((2T8| and (|220)) . and making use of (IT94)) and ([2021) . 
we get 



GMx" ( ^ 3J2 
1 + 



(221) 



which constitutes the general-relativistic (Schwarzschild) 
modification of Newton's law of gravity. Exact solutions 
for it can be found in [53]. In order to establish contact 
with this reference, let us simply indicate the following. 

Multiplying (|22ip by Xa to get the radial equation, we 
check that it is identical with the derivative of (j220l) . 
Thus, we keep the latter as a first integral. Fixing Q = 
7r/2 , we have = r^Cp^ and thus J = r'^ip, so that 



dr 



dr J 



dip ^ dip r'^ ^ 



which replaced in (|220l) yields 



dip V J2 J2 
where we make use of the Schwarzschild radius 

2GM 



(222) 



(223) 



(224) 



Eq. (USD) coincides with Eq.(2.11) of Ref. [53|, where 
it is solved. Notice that solutions for the coordinates 
should be replaced in (|206p to get the values of the 
position components S,'^, having a more transparent geo- 
metrical meaning. 



X. CONCLUSIONS 

Motion occurring in the composite fiber bundle struc- 
ture [2^ proposed by the author as the geometrical 
framework for Poincare Gauge Theories was formulated 
in terms of two main quantities. On the one hand, 
we constructed the gauge invariant position object p = 
-|- , deriving it from a 5-D matrix representation 
of the Poincare group. On the other hand, we introduced 
the vector field u as the generator of the fiow of events. 
Motion is induced by the evolution operator V,j acting 
on p. 

In the course of our study, we recognized different 
meanings of the vector field u. Its double aspect ei- 
ther as fourvelocity or as proper time vector (that is, 
time evolution as experienced either by an observer who 
sees the motion of a body, or by another one moving 
with the body) is reflected in (|169p . while (|177l) in- 
troduces a (proper) time parametrization for the flow 
of events. Eq. (|184p expresses the components u'^ as a 
Poincare covariant generalization of the Lie derivative 
of the coordinate-like bundle fields with respect to 
the parametric time vector (|177p . and finally, (|187p and 
(|188p relate the components to the boost-like fields 
(|C6p , making apparent the meaning of the latter ones as 
fourvelocity components. 

The geodesic equation V„V„p — guiding the dis- 
placement of p along the intermediate space E of the 
composite bundle determines the motion of the position 
components ^'^ of p with respect to a frame whose mo- 
tion (relatively to the bundle) manifest itself (through 
connections) as an accelerating force for 

Lastly, we applied our view to the description of 
Schwarzshild geodesic motion, showing its consistence 
with the standard approach. 

We claim that the ability of the composite-bundle- 
structure to make possible a description of motion in 
terms of as natural quantities as the coordinate-like 
translational parameters may be adduced as an ar- 
gument in support of such structure as the underlying 
geometry of PGT. 
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Appendix A: NLR's in brief 

Let us consider a Lie group G with a subgroup H. 
Given the G group left action 



9' = 9-9 



(Al) 



on (7 e G factorized as 

g = b-a, aeH, beG/H, (A2) 
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as in ([8]), with a € H such that 

a' = h ■ a , h ^ H , 

we get 

g-b^b' -h. 



(A3) 



(A4) 



Then, given a hnear representation field ip of G, whose 
transformation under the corresponding group represen- 
tation schematically reads 

^'=9-^, (A5) 
one can define a nonlinear representation field 

tJj -.^ b-^ ■ if , (A6) 
transforming under the action of G as 

iP' ^h-iP, (A7) 



with the same h £ H introduced in (|A3p . Accordingly, 
given the covariant derivative 

Vip:={d + A)<f, (A8) 

where the linear connection transforms as 

A' =g {d + A)g-\ (A9) 

so that 

{Vipy = g-Vip, (AlO) 
one defines the nonlinear connection 

r ^b-^{d + A)b (All) 

transforming as 

T' = h{d + T)h~\ (A12) 
and in terms of it the nonlinear covariant derivative 

Dij -.^ {d + T)i: = b-^ -Vif, (A13) 
whose transformation 

(Di:)' = h-D^ (A14) 
is in accordance with (IA7I). 



Appendix B: Several gauge transformations for PGT 
with H =Lorentz 



From (l28l) and (p5)) with (J~],{x) ■ g ■ cr„p(a:) = g, one 
easily derives the fundamental equation (|A4[) for nonlin- 
ear realizations [33l-[i3|- Ea. (IA4l) is more appropriate 
than for practical calculations. In the case of G = 



Poincare and H = Lorentz considered in the present pa- 
per, we replace in (jA4p the infinitesimal group elements 



g^e*^""*^"" e""^^ ^ 1 + t Aa^p + ie^^Pf, (Bl) 



of the Poincare group and 



(B2) 



of the homogeneous Lorentz group, and we parametrize 
b and b' respectively as 

6 = e-'«"^-, (B3) 

with finite translational parameters and 



b' = e-'i'^P- 



(B4) 



Then, making use of the Poincare commutation relations 
([55)1 - (|T7|) . with the help of the Hausdorff-Campbell for- 
mulas 



(B5) 
(B6) 



= e-''^"P-^ (l + e^«"^-<5e-'«"^'') 
= e-'^"P-^{l-zSCPu) , (B7) 
ea. (|A4p yields on the one hand the value 

for the i/-parameter, and on the other hand the varia- 
tions 



(B9) 



of the translational parameters Observe how the 
transformations (|B9p resemble those of Cartesian coor- 
dinates. 

On the other hand, (021) apphed to ^ with (|BT|) 
yields 



■a0 



and 



(T) (T) 



(BIO) 



(Bll) 



wh ile ([M]) applied to ([701) with and jBSl gives rise 
to (jBlOp . as before, and to 

which is the variation of ([7T1) with (17^ (or of 175]) '). 
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Appendix C: Poincare composite bundle with 

H = 50(3) 

In [3§|, a nonlinear approach to PGT was proposed 
with G =Poincare and H = 5*0(3). A bundle inter- 
pretation of such alternative treatment of the Poincare 
group would require to reelaborate several details of the 
scheme developed in the present paper. We wont do it 
here, but in order to clarify certain points discussed in 
the main text we recall how to derive the 5*0(3) quan- 
tities (|C9|) . (jClOp ). related to our translational connec- 
tion ([M)) by a gauge-analogous transformation involving 
Goldstone boost fields rather than gauge group param- 
eters. By decomposing the Lorentz generators K^p into 
boosts Ka and space rotations Sa , defined respectively 
as 



Lorentz connection are discussed in Ref.pill. Here we 
emphasize that the new tetrads with hat in (|C8p relate 
to the tetrads (|69|) derived in the present paper as 



a nO 



(C9) 
(CIO) 



formally resembling a boost gauge transformation, with 
the main difference that the Goldstone parameters A°, 
and thus (|C6|) appearing in (IC9[) - (IC10I) . are in fact 
fields of the theory rather than gauge parameters. Con- 
sequently, (|C9|) - (IC10I) are definitions of new variables 
whose transformation properties depend on (jC7p . For 
the quantities defined in (jCSp we find 



2 A, 



aO ■ 



be 



A, 



be ■ 



(a = 1,2,3), (CI) 



we apply the nonlinear transformation law (|A4|) to the 
infinitesimal Poincare group elements 



to the 50(3) group elements 
and to 6 G G/H parametrized as 



6 = e-'«"^"e^^°^" 



G G, (C2) 
(C3) 
(C4) 



being and A° finite coset fields. So we get on the one 
hand the variation 



0, 



(Cll) 
(C12) 
(C13) 
(CM) 



where 0° is the 50(3) group parameter introduced in 
(|C3p . with a certain structure 37] irrelevant for our 
present purposes. As read out from (|Clip - (|C14p . be- 
sides the Lorenttz connection components, split into an 
50(3) connection A"^ plus an 50(3) covector 1-form X"', 
the translational connections become split into an 50(3) 
covector -the triad plus an 50(3) singlet -the time 
component - which results to be gauge invariant. 



(C5) 



showing that the parameters associated with the 
translations behave in fact as coordinates. On the other 
hand, defining from the boost parameters A" in (|C4p the 
fields 



A^ 



tanh |A| 



(C6) 



where |A| := -y/AaA", the quantity C" := (7,7/3°) varies 
as a Lorentz four-vector, namely 



SC" = -G^ /3i3" . 



(C7) 



Making use of (|Cip we introduce for the analogous of 
([70|) the notation 

= ~i'd°Po-i'd''Pa + iX''Ka + iA''Sa. (C8) 



Appendix D: Useful formulas 



Li the main text, we repeatedly make use of equation 



(Dl) 



relating, by means of the interior product, pullbacks and 
pushforwards acting respectively on differential forms uj 
and vectors X. Together with (|Dip . we use the following 
property of the puUback of composed functions / and g: 
{g o JY = f*g* . In particular, from ^ follows tt* 



at , and from tt. 



PM 



id^ we get a*^ tt*^ — id^'^^), etc. Analogously, for the 
pushforward we have {g o f)* = g*f* , so that from ^ 



we find SJ^Jp* — Sj,^* s^^^^, , etc. 
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